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}�~X{Nu[i�p
mI��q�mfk!x���z��)klz[mJp
x){Qx)��u[i�kWs6zJx � t�klr��q){ � k!�Ox)z[rV��tGq�u[kl�Nq�m��Ox�t�t
x�w!ml} � k�u��Ox)��zjp
{�u[k�|)klz[m a � b � c q�{6� d � kW|�p��)kl{���w0p�uJi a, b, c, d > 1
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•
�Wx�w rNq�{'no{6x){�{�kl|�q�uJp
�)k8p
{�uJkl|)klz[m�t
klm[m�uJi�q�{¦x)zEk����6q)t�uJx
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��q){�{�x�u � kNk���s�zJk�mJmJkl��q�mEq{�x�{�{�k�|�q�u[p��)k�p
{�u[k�|�k�z0t
p�{�k�q�z!��x�r � p�{�q�uJp
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q�z[kI{6x){�{�kl|�q�u[p
�)k § rQk�q�{�p
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{�klmJi6q��;u�uJx¦u[i�kamf�6zf�]q���k)�juJi6k¡t
k��)klt § u[i�k

y
yX��x'x�z[��p�{6q�uJk�¨
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m�uTq)mJ����n)x��QrNq�n8q)m[mf�6r8k0uJi�k#��p
q)r8k�uJklz�x)��uJi�kWs�p
s�k�t
p
{�k!uJx � k ��}�¥Iuj{�xvs�x)p
{�urNq�n�u[i�kvs�p
s�klt�p
{�kV��z[x�m[mju[i�kvwIq�t
t
ml}�~X{�x�z[��k�z�uJx�q�uJu[q��[iBuJi�kvs�p
s�k�t
p�{6k��6z[rQt�nSuJxQuJi6kEw�q�t
t ��k�q)�Ti�mJk�|)rQkl{�u
x��0u[i�kZs�p
s�k�t
p
{�kZi6q)mvu[xou[x)�6�Ti¢u[i�kZwIq�t
tGm�q�u § q�u8t
klq�mDu�¨�uXwIx���p���klzJkl{�u8s�tGq���klml} �!x�wjkl�)k�z��­u[i�k � k�{���p�{6|s�x)p
{�uTmjx���uJi�k�s�p
s�k�t
p�{6k�q�z[kWwjklq)��}���i�k�n���q�{6{�x�u � k#�6mfk��NuJx8q�uJu[q��[i�uJi�k�s�p�s�klt�p
{�k#uJxVuJi6k#wIq)t�tGml}���i�k#k�{��s�x)p
{�uTm�x)��uJi�k#s6p�s�k�t
p
{�k)��u[i�x)��|�i��'q�ujuJi�k � x)ufu[x)r¤q�{6�Qu[i�kWuJx�s�x���uJi�k#rQp
{�klmJi6q��;u���rNq�n � k#�6mJkl�Qu[x�q�ufu[q��[iqQmJk�|)rQkl{�u�u[x8uJi�kEw�q�t
t
ml}

�Wk�{6��k)�'u[i�kEmfx�t���uJp
x){Zp�{ZuJi6k#u[i�p
z[�Zs�p
��uJ��z[k�q � x��)k § q)t
mJx�i6q��'p�{6|VuDwjx � kl{6��m[¨jpGm�{�x�u!q�t
t�x�wjk���� � kl��q)�6mJkuJi6kvt�x�wjk�mDuWmJk�|�r8kl{�uWx���u[i�kvs�p
s�k�t
p�{6kV��q�{ � kvq�ufuTq)�Ti�kl�Zu[xQu[i�kvwIq)t�tGm!q�uWx){�t
nZx){�kEs6t
q���k)¬jq�u0uJi6k � x�uJuJx)rx��­u[i�kEz[p�|�i�u0wIq)t�t@}
��i6k�s�p
s�k�t
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|)i�uWwIq�t
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{�u�q�u�u[i�k � x�uJuJx�r¤��q�{6{�x�u � k�q�ufuTq)�Ti�kl�Qu[x�q){�nQs�x�mJpYu[p�x�{�q�u�u[i�k � x)ufuJx�r®w0i�pG�[iSpGm
{�x)u�uJi6k � x�ufu[x)r¾x���q8w�q�t
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¯ p
{6q�t
t
n)�6u[i�k�q�{6|)t
k�u[i6q�uWu[i�kVs�p
s�k�t
p�{�k�rQq)�)klmWq�u�q � k�{���p�{6|�s�x�p�{�u���q�{�uTq��)kVq){�nZ��q�t
��k α m[q�u[p
mf�On'p�{6|
−180◦ < α < 180◦

q�{�� § x�����x���z[mJk�¨
α 6= 0
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x�w0p
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•
�#{�kVt
p�{�k�w0p�uJiox�{�kVp�{�uJkl|)k�z

N1

§
2 ≤ N1 ≤ 25

¨�¬�uJi�k�{���r � klz#x)��s�x�p�{�u[m#��klm[��z[p � p
{�|Nu[i�k�t�k��;u#w�q�t
tx���uJi�kErQp�{6klmJi6q��;u�}
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t�p
{�k�m�w0pYu[i�u[i�k���x'x�z[��p
{6q�uJklm�x��juJi�kNs�x)p
{�uTmE��k�mJ��zJp � p
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i ���

t
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−1, 000 ≤ xi ≤ 1, 000q�{��

0 ≤ yi ≤ 1, 000
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0 ≤
� +�)�+����

≤ 1, 000
¬VuJi�kSm[q�tGq�z[nox���x�{�kNklr8s6t�x�n)k�k�}

�0klr8klr � k�z0uJi6q�u0uJi�kvm[q�tGq�z[nQpGm0|)p
�)k�{Bp�{�k���z[x�ml}

• m
t
p�{�k�m���k�q)�Ti¢t�p
{�kZ��x)z[zJk�mfs�x){6��p
{�|�uJx�q¡s�z[x�ªDkl��u

i
����x){�u[q�p
{�p
{�|

n
p
{�u[k�|)klz[m

pi1, pi2, . . . , pin

§ u[i�k
s�k�zT��kl{�uTq�|)k�m���w0p�u[i

0 ≤ pi1, pi2, . . . , pin ≤ 100
¨��j�Ox)t
t�x�wjkl� � n¢uDwjx¦p�{�uJk�|�k�zTmQ��x)z[z[klmJs�x){6��p
{�|ou[xuJi6k �&% � +���
 q){6�¢uJi�k���� �0! �=���'% � # �Ox)z8s�z[x�ªDkl��u
i
}¢¥!t
tI��q�t
��klm�q)zJkZmJk�s6q)z[q�uJkl� � n¢mJp
{�|)t
kZmJs6q)��klml}�Ix�u[i �&% � +���
 q�{6����� �0! �$���'% ��# q)zJk�|�p��)kl{8p�{Qkl��z[x�m�q�{6�Qq�z[k � k�uDwjk�kl{ 0

q){6�
100, 000

§ � x���{6��q)zJp
klmp
{6��t
�6��k��6¨�}

� �������	�

¯ x)z0k��)klzJnNuJk�mDuW��q�mfk�p
{Zu[i�kEp�{�s6��u0�6t
k)��u[i�kEx)��uJs���uWmJi�x���t
�B��x){�u[q�p
{ZuXwIxQt�p
{�k�m�}

•
��i�k��6zTmDu0t
p
{�kv��x){�u[q)p�{6mIu[i�kErNq���p�rNq)t�k���s�kl��u[kl�Zs6zJx)��u0p�{�k��6zJx���k�{�uTml}

•
��i�k#mfk���x�{6�8t
p
{�k#��x){�u[q)p�{6m�u[i�k!uJx)u[q)t6{���r � klzjx���k��'u[k�z[{6q�t6k�rQs�t
x�n)k�klm�u[i6q�ujrV�6mfu � kWi�p�z[kl�Qp
{�x)zT��k�zuJx�q)�Ti�p
k��)k�uJi�pGm�rNq���p
rNq�tjk���s�k���uJk��¢s�z[x��6ul}�~��0u[i�kZrNq���p
rNq�tjk���s�kl��uJk��¢s�z[x���uQ��q�{ � kBq)�Ti�p
k��)k��
� n¢��p ��k�z[k�{�u § u[x�u[q)tG¨v{'��r � k�zTmVx)�!k�rQs�t
x�n)klklml��uJi6k�{�uJi�k�mfkB��p���klzJkl{�u8{'��r � k�zTmVrV��mDu � kZ|)p
�)k�{�p
{p
{6��z[klq�mfp
{�|8x)zT��k�z�} �!�6r � k�zTm�i6q��)k�uJx � kEmJk�s6q)z[q�uJk�� � nZmfp
{�|)t
kEmfs6q���k�m�}

�������
p � 0 ≤ p ≤ 1 �! �"�$#%�'&%(*)  	+, %-/./- �102�*# + � +43 )  5-/687:9:-/6 #:�<; -/9 � -/= �?> +,9 ; . ��� E1  �@�*#:��&:(A) 7 � -/9 �*# + �CB +,6 �?DE	F (1�$#:�<( = )�(A�?> . ��� E2  �8�*#:� �G9 �IH + � - J � � &%(*) 7 � -/9 B +,6 �8�*#:� 3 )  K-/6L9 ),� 7	9:-/6 #%�I; -/9 � -/= �?DNMO#:� 9 �*#:�P��Q%&��<B��$�<;2&%(*) 7 �NRS)?(�*# -/6 & + (1� - B F .T+ ( 3 )  �-/6 p · E1 + (1− p) · E2
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��i�k � klp
��k�{��!{�p
�)k�zTmfp�uDn � p � z[q)zJnSi6q)m!r8p
t
t�p
x){�m0x)� � x'x��'ml}���i�kl{oqNmfuJ����k�{�u#wIq){�u[m0u[x � x�zJz[x�w qN��klzfuTq�p
{
� x'x�����i�kZ�6mJ�6q�t
t
n¦mJ� � rQp�u[mQq�{¹x){�t
p�{6kSt
x�q){¢�Ox)z[rB}�~��WuJi�k � x'x)��pGm8q���q�p
tGq � t
k)��uJi6k�{�u[i�kZ{6k��'uQ��q�n�uJi�kmfuJ�6��kl{�uW�lq�{B|)xNq�{6�Z|�k�u0p�uWq�u0uJi�kEt
x�q�{���x���{�u[k�z�}���i�p
m0pGmIu[i�kEr8x���k�z[{Zw�q�n�x)� � x)z[zJx�w0p�{6| � x�x)��m�q�u0uJi�kt
p � zTq�z[n�}��i6k�z[kIpGm�x){6k���kls6q�zJuJrQkl{�u�p
{�u[i�k�t
p � z[q)zJn����O��t
t�x�� � x'x�����q)mJklml��w0i�klzJk0mDu[p�t
t�uJi�k0x)tG��wIq�nEx)� � x�zJz[x�w0p�{�|#pGmp
{8�6mfk�}���u[�6��kl{�u[m��lq�{8mJp
r8s6t�nVwIq�t
�vq)zJx���{6�vuJi�klzJk���s�pG�[�vx���u�uJi6k � x'x)��m­uJi�klnvt
p
�)k�q){6���)q��;uJklz�z[k�|�p
mfuJzTq�u[p�x){2�u[q)�)k�uJi�klr¾i6x)rQk��Ox)z!q�u0rQx�mfu�u[i�zJklk�wjklk���m�}
�#�6pYu[k0x)�;uJk�{2��i�x�wjk��)klzl�)pYuji6q�s�s�kl{6m�u[i6q�ujqvmDu[�6��k�{�u�uTq��)klm�q � x'x)�v�Oz[x)r.uJi�kWmJi�k�t��D�)uTq��)k�m�qE��t
x�mJk�z�t
x'x��

q�u#pYu�����kl��p
��k�m0u[i6q�u#i�k���x�klm!{�x)uWwIq){�uWuJxSzJk�q)�Bp�ul��q�{���s���uTmWpYu � q)�T��}��!{��Ox)zJuJ��{6q�uJklt�n���{�x�u�q�t
t­mfu[�6��k�{�u[mq�z[k��)k�z[nV�lq�z[k��O��t�w0p�uJiQuJi�pGm�tGq�mDu�mDu[k�s�}�¥!t�uJi�x���|)iQk�q)�Ti � x'x��vi6q)m�q���{�p ����k0pG��k�{�uJp�����q�uJp
x){N��x���k)� � nVw0i�pG�TiuJi6k � x'x)��m!q�z[kEmJx)zJuJk��Zp
{�uJi6k � x'x)���lq)mJk)��mJx)rQkvmfuJ�6��k�{�uTm!s6��u � q)�T��u[i�k � x'x��'m�uJi�klnZi�q��)kv��x){6mJp
��k�z[kl�Bq�uuJi6kvw0zJx�{�|Qs�tGq)��k�}j��i6k�nB��xNs6��uWp�u � q)�T�Sx�{�u[xQuJi�kvz[p
|)i�uWmJi�kltY�D} �!x�wjk��)klzl��{�x)u#q�u0u[i�kvz[p�|�i�u!s�x�mfp�uJp
x){�x){uJi6kvmfi�kltY�D}
�Wu[i�k�z0mDu[�6��k�{�u[mI��mfkWu[i�k���{�p ����k�p
��k�{�u[pY����q�u[p�x�{Z��x���k § w0i6p
�TiSuJi�kln���q){��6{6�Sp�{Bq�{Sx�{�t
p�{�k���q�u[q�t
x)|���k�¨

uJx��6{���uJi6k � x'x��'m�u[i�k�n�wIq�{�uIuJx � x)z[z[x�wE} ¯ x)zIuJi�klrB��pYu0p
mIp
rQs�x)zJu[q){�uIuJi6q�uIuJi6k � x'x��'mIq�z[k#zJk�q�t
t�n�mfx�zfu[kl�x){¡u[i�p
m���x���k)}#¥!tGmfx��Ox)zWu[i�k�t�p � zTq�z[p
q){��6p�u#pGmWp
rQs�x)zJu[q){�uWuJi6q�uWu[i�k � x'x)��mWq�z[kVmfx�zfu[kl��}!~�u�rNq��)k�m!p�u�rV�6�[iklq�mfp
k�zIu[xN�Ti�kl�T�SpY��s�k�z[i6q�s�m�mJx)rQk � x'x)��m�q)zJkEmDu[x)t
k�{�¬�{�x�u � x)z[zJx�wjkl��� � ��u!n)k�u!rQp
m[mJp�{�|�}��i6k�z[k��Ox)z[k)�jk���k�z[n�wjk�kl���ju[i�k¡t
p � z[q)zJpGq�{ rNq��)k�mNq�z[x)��{6� uJi�z[x)��|�i¹u[i�ko��kls6q�zJuJrQkl{�uSq�{6�´mJx)zJu[m8uJi�k
� x'x��'mEx�{¦kl�)k�z[n�mJi�k�t��D} �'x)zJuJp
{�|¡x�{�kSmfi�kltY�0pGmV��x�q � t
k)� � ��u8mfuJp
t�t ����p�uJkSmJx)rQk�wjx)z[��}B��i�k�t
p � z[q)zJpGq�{¦i6q)m��x�{6mJp
��klzJk��Nmfkl�)k�zTq�t�q�t
|)x�zJp�uJi�rNm��Ox)zjp�ul��q�{�����kl��pG��k��QuJi�q�ujuJi�k#klq�mfp
klmfu�w�q�n��Ox�zji�p�r®uJx�mJx)zJu�uJi6k � x�x)��m�x){qQmJi�k�t��D��p
m � n 7�A�>�? 9;4�PBK�5N? >J=�4�7@H�A�7T9;?@9]A�467 ¬�q)m�t
x){�|Nq)mIu[i�k � x'x)��m�q)zJk�{�x�uWmfx�zfu[kl���
*)}Iu[q)�)k�x)��uWq � t
x��T��x�� � x'x���m § q8{'��r � k�z!x)� � x'x)��m�mfu[q){6��p
{�|Q{�k��'u0uJxQk�q)�TiBx�uJi6k�z�¨��
� }0mJi�pY�;u#q�{�x)uJi�klz � t
x��T��x�� � x�x)��mj�Oz[x)r¤u[i�kEt
k��;u!x�zIu[i�kEzJp
|)i�u0x��­u[i�kEzJk�mf�6tYu[p�{�| � i�x)t
k)«
��p
{�u[x8u[i�pGm0i�x)t
k)�
��}0q�{��Zs���u � q��[��uJi�k��6zTmfu � t
x��[�Sx�� � x'x��'m�p�{�uJxQuJi�kEi�x�t�k�t
k��;uWx)s�k�{ � n�uJi�kvmJkl��x){6� � t
x��[��}

�#{�kEmJ�6�Ti�mJk�����k�{6��k�x���mfuJkls6m�pGm0�lq�t
t�k��Bq ? >J=�467@H�A�7�9;?@9]A�4 }
��i6kE�Ox)t
t
x�w0p
{�|�s�p
��uJ��z[kVrQq�nB��t
q)zJp��OnSuJi�k�mfuJkls6m!x)��uJi�k�q)t�|�x)z[pYu[i�r��6w0i�k�z[k

X
��kl{�x�u[klm0u[i�kv�6zTmDu � t
x��T�x�� � x�x)��m���q�{6� Y ��k�{�x)uJklm�uJi�kvmJkl��x�{6� � t�x��[��}

�#z[p�|�p�{�q�t�mfp�uJ��q�uJp
x){2¬
Y X

¥!�Gu[k�zWmfuJkls�*�¬
Y

X

¥!�Gu[k�zWmfuJkls � ¬
Y

X

¥!�Gu[k�zWmfuJkls��6¬
YX

�W�­��x���z[mJk)��uJi�k�t
p � z[q)zJpGq�{Nw�q�{�uTm�uJx�rQp
{�p
r8p
��k#u[i�k#wIx)z[�8i�k#i�q)m�uJx8��x�}���i6q�uIpGm����Ox�zjkl�)k�z[n � x'x���mfi�kltY�D��i6kwIq){�u[m�u[x�rQp
{�p
r8p
��k�uJi6k�{��6r � klz�x)�6uJzTq�{�mfs�x�mfp�uJp
x){6m�i�k�rV�6mfu���q)zJz[n�x���u�uJxEmJx)zJu�uJi�k � x'x)��ml}2~X{8s6q�zJuJpG����tGq�z��i�k8wIq){�uTm#uJxB�'{�x�w p���u[i�k � x'x��'m#x�{ouJi6kQmJi�k�t��I��q�{ � kQmfx�zfu[kl� � naq�u�rQx�mfu �SuJzTq�{�mfs�x�mfp�uJp
x){6ml}VhIq){an)x)�uJklt�t2i�p�r  
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��i�k���z[mfu!t�p
{�kEx)�­u[i�kvp�{�s6��u!�6t
kv��x�{�uTq�p
{6m0qNmJp�{�|�t�kE{���r � klzl¬�uJi�kv{���r � klz!x���u[klmfuW��q�mfk�mIuJxQ�Ox�t�t
x�wE}���q)�TiuJk�mDuW�lq)mJk�i6q�mIuJi�k��Ox�t�t
x�w0p
{�|8�Ox)z[rNq�ul¬

•
�#{�k�t
p
{�kEw0pYu[iBx�{�k�p
{�uJkl|)klz

n
w0p�u[i

1 ≤ n ≤ 15
¬�uJi�kE{'��r � k�z!x�� � x�x)��mIx){�qQ��k�zJu[q�p
{�mfi�kltY�D}

•
�#{�k!t
p�{6k!w0p�uJiNuJi�k

n
p�{�uJk�|�k�zTm

1, 2, . . . , n
p�{Smfx�r8k!x)zT��klzl��mfkls6q�zTq�u[kl� � nQmfp
{�|�t�kWmfs6q���k�m�¬2uJi�kW��{�p ����kpG��k�{�uJp�����q�uJp
x){���x���k�mIx)�­uJi�k

n � x'x���mIp�{BuJi6k�p
z!����zJz[k�{�u0x)zT��k�z�x�{ZuJi�kvmJi�k�t��D}

� �������	�

¯ x)z0k��)klzJnNuJk�mDuW��q�mfk�p
{Zu[i�kEp�{�s6��u0�6t
k)��u[i�kEx)��uJs���uWmJi�x���t
�B��x){�u[q�p
{�qQmfp
{�|�t�k�t
p�{�k��6��x){�u[q)p�{6p�{�|�¬

•
p��6u[i�kIrQp
{�p
rQq)t�{���r � k�z�x��6u[z[q){6mfs�x�mfp�uJp
x){�m�uJx�mJx)zJu­u[i�k � x�x)��m­x){VuJi�klp�z���{�p ����kIpG��k�{�uJp�����q�uJp
x){8��x���klm§ p
{�p
{6��z[klq�mfp
{�|8x)zT��k�z�¨�pGm

T ≤ 4
��uJi�kl{Zu[i�pGm0r8p
{�p
rNq�t�{��6r � k�z T ½

•
p���q�u0t
klq�mDu �Vu[z[q){6mfs�x�mfp�uJp
x){�mIq)zJk�{6k�kl��k��Su[xNmJx)zJuIu[i�k � x'x)��ml��uJi6k�{BuJi�kErQklm[m[q�|)k �
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�klx)z[|)klm���klzJk�� § *���� � ��* � 
 � ¨�x){���kZw0zJx)uJkZq � x'x)��� � q���p
mJs6q)zJp�uJp
x){2��w0p�uJi�x���u8uJi�kt
k�ufu[k�zB° % °�} �!kEwIq)m0q8rQk�r � klz0x)�­uJi�k��  �< 9 H6A |�zJx���s�}�¥ ���6x�uJk��Oz[x)r uJi�k � x�x)��¬

�­x)��uvq���q)pYu�t@« q)p�zE{�x)z[rNq�t@��rNq�pGm�uJx)��uvm�« q��Nz[rNq�p�u��]q�����}Q�­x)��uvq���q)pYu�t@« q�p
z�{�x)z[rNq�t@����« q � x�z[���s���pGm0mJ��zJ|�p
m[m[q�pYuIt@« p
{�i��6rQq)p�{2��t@« q ��x�t
q){�u�}�~Xt�q)��zTq�p�uI�)x���t��Bm[q��)x�p
zjx���m�« q�zJuJpG����tGq�p�uIt@« q)m[mfx���p
q�uJp
x){����p�t@« ��{6p
m[mJq)pYu�q�� z[x)rNq�{¼¬¹mf��z�mfx�{´uTq�s�pGml�Wq)m[mJq)p�t
tGq�{�u	��uJx)��uZp
{6mfu[q){�u�mJx){ p�rNq�|�p�{�q�uJp
x�{��
t@« p
{�u[��p�uJp
x){���« �6{ouTq � x)����tGq��'pGmJp�x�{a��« �6{arNq�t�x � mJ����z�����« �6{ ����x)p���q)��q){�u�����« ��{a{�x�{�yX��pYu8¬!tGq�'p
mJp
x){���t « q���pGmJp�x�{���« �6{�x�� � t
p���x)rQrNq�{6��q){�u�uJx���ul�'x��Sml« q � x)t
p
m[m[q�p�u�tGqvz[q)p
mJx){¡¬­uJx���u�q���q�p�u�t@« q)p�z{�x�zJrNq�t�rNq�pGm�}�}�}

��klzJk��WwIx)��tG��s�z[x � q � t
nQi6q��)k�mJ��x)z[kl�Ni�p
|)i § x�zIzTq�uJi6k�z���t�x�wW¨�p�{Su[i�k#�Ox)t
t
x�w0p
{�|8��x�{�u[klmDu�}
��klx)s�t
k�q�z[k#q�mf��kl�uJxEw0z[p�uJk!q�s�k�z[i6q)s6m�k��)kl{8rQk�q�{�p
{�|��O��t�uJk���u�x){Nmfx�r8k!mf� � ªDk���u�w0pYu[iNq)m��Ok�w%x��l����z[z[k�{6��k�m�x���q�|�p��)kl{��fwjx)zT��
q)m�s�x�m[mJp � t
k)} �#��z�u[q)mJ�¦pGmVuJx�s6zJx��'p
��kSuJi�k�ªD��z[n¦w0p�uJi%qas�z[x)|)zTq�r uJi6q�uQ��x���{�uTmVu[i�klmJkZx��l����z[zJkl{6��k�m���p
{
x)zT��klzIuJxNx � u[q)p�{�qQz[q){��'p�{6|8x���uJi�kV��x)rQs�k�u[p�uJx)zTml}���i6klmJkE��x�rQs�k�uJp�u[x)zTmIx)�;uJkl{�w0zJp�uJkE�)k�z[n�t
x){�|8u[k��'u[m0w0p�uJi{�x�{6mfkl{6mfk�rQklq){�p�{6|6½�qomJk�����k�{���k�x�� �!�!��� �!�!����x�{6mfk�����u[p��)k%°���°Jm�pGmv{6x�u���{��6mJ�6q�t@}o¥!{6�¦u[i�k�n�{�kl�)k�zV�6mJk
mJs6q)��klml}��xSwjk�wIq){�u#u[x ����pG�T��t
nB�6{6�ax)��u�i�x�w¼x��;u[k�{�qSwjx)zT����p@} k�}���q�|)p
�)k�{�mDu[zJp
{�|6��x������6z[mWp
{�qNuJk��'ul}��¡x)z[k
�Ox)z[rNq�t
t�n�¬­|)p
�)k�{QuJi6k#q�t
s�i6q � k�u { °�
�°���° ( °���° 	 °���}�}�}l��°
��° } q){6�8uDwjxE�6{6pYu[k#mDu[zJp
{�|�m�x��)k�z�u[i6q�uIq)t�s6i6q � k�u���qwjx�z[�

W
q�{���qEuJk��'u

T
�'��x)��{�u�u[i�k#{'��r � k�zIx��2x�������zJz[k�{���klm�x�� W p
{

T
}�¥Wt�t�uJi�k���x){6mJkl����uJp
�)k#�[i�q�zTq)��u[k�zTm

x��
W

rV�6mDu!k���q)��u[t�n�rNq�u[�Ti���x�{6mJkl����u[p���k��Ti6q�zTq)��uJklz[mjx)�
T
} ��������zJz[k�{���klmIrNq�nSx��)klzJtGq�s�}

�������	�

��i�k���z[mfu!t�p
{�kEx)�­u[i�kvp�{�s6��u!�6t
kv��x�{�uTq�p
{6m0qNmJp�{�|�t�kE{���r � klzl¬�uJi�kv{���r � klz!x���u[klmfuW��q�mfk�mIuJxQ�Ox�t�t
x�wE}���q)�TiuJk�mDuW�lq)mJk�i6q�mIuJi�k��Ox�t�t
x�w0p
{�|8�Ox)z[rNq�ul¬

•
�#{�kvt�p
{�kvw0pYu[i�uJi6kvwjx)zT�

W
��qNmDu[zJp
{�|Nx��)k�z

{
°�
�°��j° ( °��j° 	 °���}�}�}��0°
��°

}
��w0p�uJi

1 ≤ |W | ≤ 10, 000§ i6k�z[k
|W |

��kl{�x�u[klmIu[i�kEt
k�{�|)uJiBx)�­uJi�kvmfuJz[p
{�|
W
¨�}

•
�#{�k�t
p�{6k�w0p�uJiEuJi�k�uJk���u

T
��q0mfuJz[p
{�|0x��)k�z

{
°�
�°���° ( °���° 	 °���}�}l}��2°
��°

}
�lw0p�uJi

|W | ≤ |T | ≤ 1, 000, 000
}

� �������	�

¯ x)zWkl�)k�z[nSuJklmfu��lq)mJkvp�{¡u[i�kVp
{�s���u#�6t
k)��u[i�kVx���uJs���u�mJi�x)��tG�¡��x){�u[q�p
{oqSmfp
{�|)t
kv{'��r � k�z���x){oqSmfp
{�|�t�kvt
p
{�k)¬uJi6kE{���r � k�z!x)��x�������zJz[k�{���klmIx��­u[i�kEwjx)zT� W p
{BuJi�k�u[k��'u
T
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��k�i6q��)k0q § s�x)p
{�u�¨�t�p
|)i�u�mJx)��zT��k�q�u�s�x�mfp�uJp
x){

(xL, yL)
w0p�uJi

yL > 0
��q�{6�8q#�6{�p�uJk!mJk�z[p�k�m�x���t
p�{6k0mJk�|)rQkl{�u[ml�

q�t
t�x��2�6{�p�uJk�{�x�{�y@�lk�z[xVt�kl{�|�u[i���|)p
�)k�{ � nQu[i�k���x'x)zT��p
{6q�u[klm�x)��u[i�k�p
zIuDwjx8k�{6��s�x�p�{�u[ml}���i�k�mfk�k�{���s�x)p
{�uTm�q�z[kq�t
t���p���k�z[k�{�u�}���i�kEt
p�{�kvmJk�|)rQkl{�u[m!q�z[k�q�t
t�mJpYu[�6q�u[kl�Bq � x���k#uJi�k x yXq���pGm § y = 0
¨�}

��i6k�mJk�|�rQk�{�uTm���q�mDu�u[i�k�p
z�mJi6q)��x�w!m­x�{�u[x#uJi�k
x
yXq���pGm�}2��k0q�mJmJ��rQkjuJi6q�u�uJi�k0mJi6q)��x�w!m�x��6uDwjxEmfkl|)rQk�{�u[m

k�p�uJi6k�zE��xB{�x�uEx��)klzJtGq�s�q�uvq�t
t ��x)z�i6q��)k8q){�x��)klzJtGq�souJi6q�uEi6q)m�mJx)rQk8{�x){�y���klzJxZw0pG�'uJi § u[i�k�n���xB{�x)uIªD�6mfu
uJx��6�Ti�¨�}0��kVq)t
mJx�q)m[mf�6r8kEuJi�q�uW�Ox)zWklq��[iomfkl|)rQk�{�uWpYuTmWmJi6q���x�w pGm!rQx)z[k�u[i6q�{NªD�6mDu#x�{�kvs�x)p
{�u���p@} k�}��6u[i�k�z[k
pGm�{�x�mJk�|�r8kl{�u�u[i6q�uEp
mE��p
zJk���uJk��ouJx�wIq�zT�¡uJi6k8t
p
|)i�uvmfx���zT��k)}V��i�kQi�k�p
|)i�u�x)��uJi�kQt
p�|�i�uEmJx)�6z[��k §

yL

¨WpGm�q�u
t
klq)mfuV*v��{6pYu�t
q)zJ|�k�z0uJi6q){�u[i�k

y
yX��x'x�z[��p�{6q�u[klm0x���u[i�kVk�{6��s�x)p
{�u[mWx)��uJi6kVt�p
{�k�mJk�|)rQk�{�u[ml}0��i6p
mW|)��q�zTq�{�u[k�k�m

uJi�q�u!p�{���k�k��Zk�q)�TiZt
p
{�kEmJk�|�rQk�{�u!i6q)m0q � x���{6��kl��mJi6q)��x�w x){Zu[i�k x y�q��'pGml}��i6k���x)t
t
kl��u[p�x�{ x���mfi6q���x�w!mS��p
�'pG��klmSu[i�k
x
yXq���p
mSp
{�u[x%��q�z[�´q�{6� t
p�|�i�u[kl� q�z[klq�m § p
{�uJklzJ��q�tGm[¨�} ��i6k

s�z[x � t
k�r p
mIuJxQ��k�uJklzJrQp
{�k#u[i�k�{���r � klz�x)�­t�p
|)i�uJk��Zq�z[klq�m�� w0i�pG�[iBp
m0q�u�t
klq�mDu � § pY�­u[i�k�z[k�pGm�q�u0t�k�q)mfu�x){�k
t
p�{�kvmJk�|)rQkl{�ul��x�u[i�k�z[w0pGmfk�p�u!pGm�*�¨�}

~X{�u[i�k�s�pG��u[��z[k � klt�x�w�uJi�k�uJi�z[k�k�t
p�{�k0mJk�|�r8kl{�uTm A � B q){6�
C
�lq��6mJkjuJi�z[k�k�t�p
|)i�uJk���q)zJk�q)ml��q)m�p�{���p
�lq�u[kl��}
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��i�k���z[mfu!t�p
{�kEx)�­u[i�kvp�{�s6��u!�6t
kv��x�{�uTq�p
{6m0qNmJp�{�|�t�kE{���r � klzl¬�uJi�kv{���r � klz!x���u[klmfuW��q�mfk�mIuJxQ�Ox�t�t
x�wE}���q)�TiuJk�mDuW�lq)mJk�i6q�mIuJi�k��Ox�t�t
x�w0p
{�|8�Ox)z[rNq�ul¬

•
�#{�k�t
p
{�kEw0pYu[iBx�{�k�p
{�uJkl|)klz

n
w0p�u[i

0 ≤ n ≤ 100
¬�u[i�kE{��6r � k�z!x���t
p�{6kEmJk�|�r8kl{�uTm�}

•
�#{�kQt
p
{�kNw0pYu[i�uXwIx�p
{�uJkl|)k�zTm

xL

q�{6�
yL

��u[i�k���x�x)zT��p�{6q�uJk�m#x)�juJi�kNt
p
|)i�uvmJx)��zT��k��2mfkls6q�zTq�u[kl� � n�qmJp�{�|�t�kEmJs6q)��k)}���i�kv��x'x�z[��p�{6q�uJk�mIm[q�u[p
mf�On
−100 ≤ xL ≤ 100

q�{6�
1 < yL ≤ 1, 000

}

• n
t
p
{�klml��k�q)�Ti���x){�u[q)p�{�p
{�|W�Ox���z�p
{�u[k�|)klz[m

xi

�
yi

�
ui

q�{6�
vi

�)mfkls6q�zTq�u[kl� � nvmfp
{�|�t�kImJs6q)��klml��u[i6q�u�mJs�kl��pY�On
x
y�q){6�

y
y���x�x)zT��p�{�q�uJk�m�x��2u[i�k�uDwjx8kl{6��s�x)p
{�uTm

(xi, yi)
q�{6�

(ui, vi)
x)�2uJi�k

i ���
t
p�{�kEmJk�|�r8kl{�u��'w0i�klzJk

−100 ≤ xi, ui ≤ 100
q�{6�

0 < yi, vi < yL

���Ox�z
1 ≤ i ≤ n

}

� �������	�

¯ x)zWkl�)k�z[nSuJklmfu��lq)mJkvp�{¡u[i�kVp
{�s���u#�6t
k)��u[i�kVx���uJs���u�mJi�x)��tG�¡��x){�u[q�p
{oqSmfp
{�|)t
kv{'��r � k�z���x){oqSmfp
{�|�t�kvt
p
{�k)¬uJi6kE{���r � k�z!x)��t�p
|)i�uJk��Bq�z[klq�m�}
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s�u[p�x�{�}W��i�k�mfk���x�{6�BuJk�mDu
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�­x)��z�x�s�k�z[q�uJx�z ¿ x���z ��klz[mJx){�q�t �!x)t
pG��q�nox)z[|�q){�p
mJklmW|���pG��kl� � �6m�uJz[p�s�m�q���z[x�m[m!u[i�kN�Ik�{�k�t
����}�����k�zJna��q�nuJi6k � �6m�r8x��)klmj�OzJx�r¤x){�k���p�uXn

S
u[xQq�{�x)uJi�k�z���pYuDn

F
} �#{�u[i�pGmIwIq�n)��u[i�k#u[x)��z[p
mfu[mIp�{Su[i�k � �6m���q){ZmJk�k#uJi�kmJp�|�i�u[mIq�t
x){�|�mfpG��k0u[i�k#zJx���uJk!u[z[q��)k�t
t
kl��}
�¡x�zJklx��)klzl��u[i�k � �6mjrNq)�)klmjqv{'��r � k�zIx��­mDu[x)s6m § ��klzJxVx)zjrQx)z[k�¨�q�umJx)rQk � klq���u[p��;�6t2��pYu[p�k�m���w0i�k�z[k�uJi6k�u[x)��z[pGmDuTmI|�k�u0x���u0uJxNmJk�k�u[i�kEt�x���q�t�mJp�|�i�u[ml}º p���klzJkl{�u0|)z[x)��s6mjx��2uJx���zJpGmfu[mjrNq�nNi6q��)k���p���k�z[k�{�u0s�z[k��Ok�z[k�{6��klm��Ox)zIuJi6k�mfp
|)i�u[mjuJi�klnNwIq){�uIuJxQmJk�k)��q�{6�

uJi'�6mW�Ox�zWuJi�k�z[x)��u[kvuJx � kVuTq��)k�{¡�Oz[x)r S
uJx
F
}���i�k�z[k��Ox�zJk�� ¿ x)�6z ��k�zTmJx){6q)t
�Wx)t
p
��q�nBwIq){�uTm!uJxZx ��k�z#p�u[m

��t
p
k�{�uTmWq��Ti�x)pG��kE�OzJx�r rNq�{�n���p ��k�z[k�{�u#zJx���uJklml}�¥WmWi�x�u[k�tGm!i6q��)k � k�kl{ � x'x��)kl�Bp�{aq)����q){6��k���u[i�k�mDuTq�zJuJp
{�|��p�uDn
S
q){6�ZuJi�kE�6{6q)t2��pYuDn

F
��u[i�x)�6|)i���q�z[k�����kl��}I�2wIxQz[x)��u[klm��OzJx�r

S
uJx
F
q)zJkE��x){6mJp
��k�z[kl�B��p���klzJkl{�uWpY�

uJi6k�z[kWp
mjq�ujt�k�q)mfu�x�{�kWzJx�q)�8�OzJx�r®qv��pYuDn
A
u[x�qv��pYuDn

B
w0i�pG�Ti�p
mjs6q�zJu�x)��x){�kWz[x)��u[k)� � ��uI{�x�ujx)��u[i�k#x�uJi6k�zz[x)��u[k)}

��i6k�z[kvp
m#qNz[klmfuJz[p
��uJp
x){�x�{�uJi�kVz[x)��uJklm0u[i6q�uWu[i�kvuJx���z[p
mfu[m!rNq�nB�Ti�x'x�mJk��Oz[x)r�}!�­x�t�k�q��)kvk�{6x)��|�iBu[p�rQk
�Ox)z�uJi6kNmfp
|�i�u[mJk�klp�{�|�q�u�u[i�k�mDu[x)s6m § q�{��ou[x¡q��)x�p
�a�6mJp�{6|Zu[x'xBrV�6�Ti��O��k�t;¨���u[i�k � �6mEi6q)m�uJxBuTq��)kQq�mfi6x)zJuz[x)��u[kQ�OzJx�r

S
uJx

F
}B~�uVi6q�m�u[x � k�klpYu[i�k�z�q¡zJx���uJkNw0p�uJi�r8p
{�p
rNq�tj��p
mfu[q){6��k)��x�zVq�z[x)��u[kNw0i�p
�Ti¢pGmvx){�k��pGmDuTq�{6��kE��{�p�uWt
x){�|�k�z�u[i6q�{�uJi�kvrQp
{�p�rNq)t2��p
mfu[q){6��k�}�~X{6��klkl��� � nBq�t
t
x�w0p
{�|Qz[x)��u[klm�uJi6q�uWq)zJkEx){�kv��pGmfu[q){6��k��{�p�uEt
x){�|�k�z���u[i�k8uJx���z[p
mfu[m�rNq�noi6q��)k8r8x�zJkQ�[i6x)pG��k�uJi�q�{ � nozJk�mDu[zJpG��u[p�{6|SuJi�klr u[xBk���q���u[t�n�u[i�kQrQp�{�p
rNq�t

z[x)��u[klml}���i6p
m0k�{�i�q�{6��k�mIuJi�kEp
rQs�z[klm[mfp
x){Zx)��q8s�k�zTmfx�{6q�t�i�x�t�pG��q�n)}
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¯ x)zSk���q�rQs�t
k)�0�Ox)zSuJi�k�q � x��)koz[x�q)�´rNq�s��0u[i�k�z[k�q�z[k¡uDwjx¹rQp�{�p
rNq�t�z[x)��u[klmN�Oz[x)r S = 1
uJx

F = 5
¬

1 → 2 → 5
q�{��

1 → 3 → 5
� � x�uJi¡x���t�kl{�|�u[i � }j��i6k�z[k�pGm0x�{�kEzJx���uJk�uJi�q�uWp
m!x){�kv��pGmfu[q�{���kE��{�p�uWt
x){�|�k�z�¬

1 → 3 → 4 → 5
��x���t
k�{�|)uJi �'}

�Wx�wE��|)p
�)k�{�q § s�q�zJuJpGq�t;¨!zJx�q)�¡rNq�sax)��uJi�kQ�Ik�{6k�t
���oq){6�¡uDwjxB��p�u[p�k�m
S
q){6�

F
��uJx)�6z�x)s�k�zTq�u[x)z ¿ x)��z

��klz[mJx){�q�t �Wx)t
p
�6q�n¦t
p��)k�mVuJx��'{�x�w¤i6x�w rQq){�n���p ��k�z[k�{�uQzJx���uJk�mVp�uN��q�{¹x ��klzVu[x�p�u[mQ��t
p�kl{�u[ml���6{6��k�z8uJi�k
q � x��)k�z[klmfuJz[p
��uJp
x){Zx�{ZuJi�kEz[x)��u[k�t
k�{6|�uJi2}

�������	�

��i�k���z[mfu!t�p
{�kEx)�­u[i�kvp�{�s6��u!�6t
kv��x�{�uTq�p
{6m0qNmJp�{�|�t�kE{���r � klzl¬�uJi�kv{���r � klz!x���u[klmfuW��q�mfk�mIuJxQ�Ox�t�t
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